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In this paper, we establish some results that concern the behavior of two types of
differential mean values as the interval length shrinks to zero. The first type
involves divided difference and the second type is connected to a theorem due to
w Ž . x Ž .Flett Math. Gazette 42 1958 , 38]39 . We show that if a function f t is of the
Ž . Ž .a Ž . Ž .form p t q t y a g t , where p t is a polynomial, then the behavior of the
Ž .limit is essentially independent of the function g t . The results established by
w Ž . x wBao-lin Amer. Math. Monthly 104 1997 , 561]562 and Jacobson Amer. Math.
Ž . xMonthly 89 1982 , 300]301 are special cases of our results. Q 1998 Academic Press
w x w xBao-lin 1 and Jacobson 6 described the behavior of integral mean
values as the length of the interval shrinks to zero. In this paper we give a
similar description for two types of differential mean values. The first type
involves divided difference and the second type is connected to a theorem
w xdue to Flett 3 . In our approach for the first type not only does the
interval length shrink to zero but we also allow for the possibility that the
interval shifts to the left. For other types of limiting behavior of means
w xbased on divided difference, the reader is referred to Horwitz 4 and
references therein.
For distinct points x , x , . . . , x in R, the di¤ided difference of f : R “ R1 2 n
w Ž .x Ž .is defined recursively as x ; f x s f x and1 1
x , x , . . . , x ; f xŽ .1 2 n
x , x , . . . , x ; f x y x , x , . . . , x ; f xŽ . Ž .1 2 ny1 2 3 ns .
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For all natural numbers n G 2 the n-point divided difference of f can be
expressed as
n f xŽ .i
x , x , . . . , x ; f x s . 1Ž . Ž .Ý1 2 n nŁ x y xŽ .j/ i , js1 i jis1
Ž w x wThe mean value theorem for the n-point divided difference see 5 or 7,
x. w x Ž .p. 249 states that if f : a, b “ R is n y 1 -times continuously differen-
w xtiable and x , . . . , x are n distinct points in a, b , then there exists h1 n
x  4  4wg min x , . . . , x , max x , . . . , x such that1 n 1 n
f Žny1. hŽ .
x , . . . , x ; f x s . 2Ž . Ž .1 n n y 1 !Ž .
Žny1.Ž . Ž . Ž .Here f t denotes the n y 1 st derivative of f t and h is referred to
as a differential mean ¤alue.
Ž . 2 w x Ž .Consider the function f t s t on the interval 1, 2 . Applying 2 with
w x x wn s 2 to f on the interval 1, x , where x g 1, 2 , we obtain
f x y f 1Ž . Ž .
s f 9 hŽ .
x y 1
x w Ž . 2for some h in 1, x . Since f t s t , the differential mean value h is given
by
1h s x q 1 .Ž .2
Ž . Ž .Now evaluating the limit of h y 1 r x y 1 as x approaches 1 from the
right, we get
1h y 1 x q 1 y 1 1Ž .2
lim s lim s .
q qx y 1 x y 1 2x“1 x“1
Ž . t w xSimilarly, if we consider another function f t s e on the interval 0, 2 ,
then again we have
xh y 0 1 e y 1
lim s lim ln
q q ž /x y 0 x xx“0 x“0
21 x x 1
s lim ln 1 q q q ??? s .
q ž /x 2 3! 2x“0
This type of limiting behavior is true for many functions. In Theorem 1
Ž .and also in Theorem 2 we state a general result about such limits.
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w xWe now consider a variable interval a, a q x , where 0 - x - b y a.
Let 0 F m - ??? - m F 1. Then x s a q m x, . . . , x s a q m x are1 n 1 1 n n
w x w x Ž .n distinct points in a, a q x . If f : a, b “ R is n y 1 -times continu-
ously differentiable, then, by the mean value theorem for n-point divided
w xdifference applied to f on the interval a q m x, a q m x , there exists a1 n
x w Ž .mean value in the interval a q m x, a q m x such that 2 is satisfied. To1 n
emphasize the dependence on the variable x we denote this mean value by
h . There may be many possible choices for h . Therefore, the correspon-x x
dence x “ h involves a choice function. Our goal is to study the behaviorx
of h as x goes to zero.x
We now present the statement and proof of our first result describing
the behavior of differential mean values for the divided difference.
x x Ž .THEOREM 1. Let f : a, b “ R be n y 1 -times continuously differen-
tiable such that
a
f t s p t q t y a g t , 3Ž . Ž . Ž . Ž . Ž .
Ž . Žny1.Ž .where p t is a polynomial of degree at most n y 1, g t is bounded on
x x Ž . Ž .  4qa, b , g a s lim g a q x / 0, and a g R _ 0, 1, . . . , n y 1 . Thenx “ 0
Ž .1r aq1yn
ah y a m , . . . , m ; xx 1 n
lim s , 4Ž .
q x ax“0 ž /n y 1
Ž .where 0 - m - ??? - m F 1, h is the mean ¤alue gi¤en in 2 for1 n x
w Ž .xa q m x, . . . , a q m x; f x , and 0 - x - b y a.1 n
Ž .Proof. In view of 1 , we can write
n f a q m xŽ .i
a q m x , . . . , a q m x ; f t s . 5Ž . Ž .Ý1 n ny1 nx Ł m y mŽ .j/ i , js1 i jis1
Ž . Ž .Since p t is a polynomial of degree at most n y 1 , the left- and
Ž .right-hand sides of 2 yield the same constant and they cancel; thus we
Ž . Ž .may assume without loss of generality that p t s 0. Thus, from 3 , we
have
a
f a q m x s m x g a q m x .Ž . Ž . Ž .i i i
Ž .Substituting this into the right-hand side of Eq. 5 yields
an m x g a q m xŽ . Ž .i i
a q m x , . . . , a q m x ; f t s ,Ž . Ý1 n ny1 nx Ł m y mŽ .j/ i , js1 i jis1
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which is
a q m x , . . . , a q m x ; f tŽ .1 n
n am g a q m xŽ .i iayŽny1.s x . 6Ž .Ý nŁ m y mŽ .j/ i , js1 i jis1
Žny1.Ž .We now use the product rule to determine f t . If we let t s h , thenx
jy1ny1 n y 1 ayjŽny1. Žny1yj.f h s a y i h y a g h . 7Ž . Ž . Ž . Ž . Ž .Ý Łx x x½ 5ž /j is0js0
jy1Ž . Ž .The product Ł a y i is understood to be 1 when j s 0. Now from 6is0
Ž . Ž .and 7 we find that Eq. 2 yields
n am g a q m xŽ .i iayŽny1.x Ý nŁ m y mŽ .j/ i , js1 i jis1
jy1ny11 n y 1 ayj Žny1yj.s a y i h y a g h .Ž . Ž . Ž .Ý Ł x x½ 5ž /jn y 1 !Ž . is0js0
Next divide by x ayŽny1. to get
n am g a q m xŽ .i iÝ nŁ m y mŽ .j/ i , js1 i jis1
8Ž .
ayjjy1ny1 Ł a y i h y aŽ . Ž .n y 1 is0 x Žny1yj.s g h .Ž .Ý xayŽny1.½ 5ž /j n y 1 ! xŽ .js0
Now we can take the limit as x approaches 0 from the right and observe
that h tends to a. It follows from the hypotheses on g that each summandx
Ž .on the right-hand side of 8 is zero except when j s n y 1. Thus
ny2 Ž .ay ny1Ł a y i h y aŽ .is0 x
lim g hŽ .xž /qn y 1 ! xŽ . x“0
n a qm lim g a q m xŽ .i x “ 0 is .Ý nŁ m y mŽ .j/ i , js1 i jis1
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Ž .Using the fact that g a / 0 we finally get
Ž .ay ny1h y ax
lim ž /q xx“0
n a1 mis ,Ý nŁ m y ma Ž .j/ i , js1 i jis1ž /n y 1
aŽ .where represents the generalized binomial coefficient. The desiredn y 1
limit is obtained after taking roots. Now the proof of the theorem is
complete.
Ž .Remark 1. If f and g are n y 1 -times continuously differentiable at
a, then Theorem 1 also holds with m s 0.1
A version of Taylor's formula which contains the remainder in the
Ž w x.Peano form see 9, pp. 112]114 is the following: Suppose that f is n times
Ž .differentiable at a. Then there is a function e x such that
n Žk .f aŽ .
k nf a q x s x q e x x , 9Ž . Ž . Ž .Ý k!ks0
Ž .where lim e x s 0.x “ 0
Ž .Using Taylor's formula 9 and following the proof of Theorem 1, one
can establish the following theorem. However, we present its proof for the
sake of completeness.
w x Ž .THEOREM 2. Suppose f : a, b “ R has a continuous n y 1 st deri¤a-
Ž i.Ž . Žti¤e and is k G n times differentiable at a with f a s 0 for i s n, . . . , k y
. Ž . Žk .Ž .1 ob¤iously if k s n this condition is ¤acuous , and f a / 0. Then
Ž .1r kq1yn
kh y a m , . . . , m ; xx 1 n
lim s , 10Ž .
q x kx“0 ž /n y 1
Ž .where 0 F m - ??? - m F 1, h is the mean ¤alue gi¤en in 2 for1 n x
w Ž .xa q m x, . . . , a q m x; f x , and 0 - x - b y a.1 n
Ž .Proof. In view of 1 , we can write
n f a q m xŽ .i
a q m x , . . . , a q m x ; f t s , 11Ž . Ž .Ý1 n ny1 nx Ł m y mŽ .j/ i , js1 i jis1
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Žand with the help of Taylor's formula which contains the remainder in the
. Ž .Peano form we expand f a q m x asi
k Ž l .f aŽ . l kf a q m x s m x q e m x m x ,Ž . Ž . Ž . Ž .Ýi i i il!ls0
Ž . Ž i.Ž .qwhere lim e m x s 0. Next, using the hypothesis that f a s 0 forx “ 0 i
i s n, . . . , k y 1 in the above, we obtain
ny1 Ž l . Žk .f a f aŽ . Ž .l k kf a q m x s m x q m x q e m x m x .Ž . Ž . Ž . Ž . Ž .Ýi i i i il! k!ls0
Ž .Substituting this into the right-hand side of Eq. 11 yields
w xŽ .a q m x , . . . , a q m x ; f t1 n
l k kny1 Ž l . Žk .n Ž . Ž . Ž . Ž . Ž .Ž .Ý f a rl! m x q f a rk! m x q e m x m xŽ . Ž .ls0 i i i is .Ý ny1 n½ 5Ž .x Ł m y mj/ i , js1 i jis1
Now we can rearrange these terms to obtain expressions corresponding to
divided differences in the m :i
a q m x , . . . , a q m x ; f tŽ .1 n
ny2 Ž l . n lf a mŽ . is Ý Ý nŽny1.y l Ł m y ml! x Ž .j/ i , js1 i jls0 is1
Žny1. n ny1f a mŽ . iq Ý nn y 1 ! Ł m y mŽ . Ž .j/ i , js1 i jis1
Žk . n k kyŽny1.f a m xŽ . iq Ý nk! Ł m y mŽ .j/ i , js1 i jis1
n k ke m x x mŽ .i iq .Ý ny1 nx Ł m y mŽ .j/ i , js1 i jis1
From the last expression and the fact that
0, for l - n y 1,¡
l ~1, for l s n y 1,x , . . . , x ; x s1 n ¢x q ??? qx , for l s n ,1 n
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where l is some nonnegative integer, we get
a q m x , . . . , a q m x ; f tŽ .1 n
Žny1. Žk . n k kyŽny1.f a f a m xŽ . Ž . is q Ý nn y 1 ! k! Ł m y mŽ . Ž .j/ i , js1 i jis1
n k ke m x x mŽ .i iq . 12Ž .Ý ny1 nx Ł m y mŽ .j/ i , js1 i jis1
Žny1.Ž . Ž .Expanding f x into a Taylor polynomial of degree k y n y 1
with remainder and evaluating at the mean value h , we havex
Ž . Ž lqny1.ky ny1 f aŽ . Ž .l ky ny1Žny1.f h s h y a q e h y a h y a ,Ž . Ž . Ž . Ž .ÃÝx x x xl!ls0
Ž .qwhere lim e h y a s 0. Using the hypotheses of the theorem andÃh “ a xx
Ž .the above equation, the right-hand side of Eq. 2 becomes
f Žny1. h f Žny1. aŽ . Ž .x s
n y 1 n y 1 !Ž . Ž .
f Žk . aŽ . Ž .ky ny1q h y aŽ .xn y 1 ! k y n y 1 !Ž . Ž .Ž .
Ž .ky ny1
e h y a h y aŽ . Ž .Ã x xq . 13Ž .
n y 1 !Ž .
Ž . Ž . Ž . Žny1.Ž . Ž .Using 2 , 12 , and 13 , and cancelling f a r n y 1 !, we get
Žk . n k kyŽny1. n k kf a m x e m x x mŽ . Ž .i i iqÝ Ýn ny1 nk! Ł m y m x Ł m y mŽ . Ž .j/ i , js1 i j j/ i , js1 i jis1 is1
f Žk . aŽ . Ž .ky ny1s h y aŽ .xn y 1 ! k y n y 1 !Ž . Ž .Ž .
Ž .ky ny1
e h y a h y aŽ . Ž .Ã x xq .
n y 1 !Ž .
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Žk .Ž .Using x ) 0 and the fact that f a / 0, we obtain
Ž .ky ny1h y axž /x
n kn y 1 ! k y n y 1 ! mŽ . Ž .Ž . is Ý nk! Ł m y mŽ .j/ i , js1 i jis1
n y 1 ! k y n y 1 !Ž . Ž .Ž .
q Žk . kyŽny1.f a xŽ .
Ž .ky ny1k kn e m x x m e h ya h yaŽ . Ž . Ž .Ãi i x x
= y .Ý ny1 nž /n y 1 !x Ł m ym Ž .Ž .j/ i , js1 i jis1
Ž . Ž . Ž .q qSince lim e m x s 0 i s 1, . . . , n and lim e h y a s 0, it fol-Ãx “ 0 i x “ 0 x
lows that
Ž .ky ny1h y ax
lim ž /q xx“0
n kn y 1 ! k y n y 1 ! mŽ . Ž .Ž . is ,Ý nk! Ł m y mŽ .j/ i , js1 i jis1
which after taking the roots yields the desired limit. The proof of the
theorem is complete.
w xSuppose f is continuous on a, b and is differentiable at a with
Ž1.Ž . x wf a / 0. For each x g a, b , let j be the value determined by thex
integral mean value theorem where
x
f t dt s f j x y a .Ž . Ž . Ž .H x
a
Ž . s Ž .If F s s H f t dt, then the previous equation can be written asa
F x y F aŽ . Ž .
Ž1.F j s .Ž .x x y a
The last equation can be written in terms of the two-point divided
difference as
Ž1.a, a q x ; F s s F j .Ž . Ž .x
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Ž . w xSince F s is continuously differentiable on a, b , and is twice differen-
Ž2.Ž . Žtiable at a with F a / 0 it follows from Theorem 2 with m s 0 and1
.n s 2 that
w 2 xj y a 0, 1; x 1x
lim s s .
q x 22x“0 ž /1
w xThis was the result established by Jacobson 6 which follows immediately
w xfrom Theorem 2. Similarly, the results obtained by Bao-lin 1 also follow
immediately from Theorem 2. Finally, we note that the right-hand side of
Ž . Ž w x.10 with n s 2 is the Stolarsky mean of order k see 8 .
w xWe now turn to a second type of differential mean value due to Flett 3 .
w xThe original version of Flett's mean value theorem 3 has endpoint
conditions not suitable for this study. However, in a recent paper Davitt et
w xal. 2 gave the following generalization of Flett's mean value theorem:
Ž .THEOREM 3 Generalized Flett mean value theorem . Let f be differen-
w x xtiable on an open inter¤al containing a, a q x . Then there is an h g a, a qx
wx such that
1 Ž1. Ž1.h y a a q x , a; f t q h , a; f t s f h . 14Ž . Ž . Ž . Ž . Ž .x x x2
A simple calculation shows that if f is a polynomial of degree 2 or less
Ž .then any h satisfies 14 .x
Ž .We are now ready to state the analog of Theorem 1. Since Eq. 14
Ž . wcontains terms involving h y a we do not work with the interval a qx
xm x, a q m x . Instead, we take m s 0 and, without loss of generality, we1 2 1
assume that m s 1.2
w x w xTHEOREM 4. Let f : a, a q x “ R be differentiable on a, a q x such
that
a
f t s p t q t y a g t ,Ž . Ž . Ž . Ž .
Ž1.Ž . x xwhere p is a polynomial of degree at most 2, g t is bounded on a, a q x ,
Ž . Ž . x w x wqg a s lim g a q x / 0, and a g 1, 2 j 2, ‘ . Thenx “ 0
Ž .1r ay2h y a ax
lim s , 15Ž .
q x 2 a y 1Ž .x“0
Ž .where h is the mean ¤alue gi¤en in 14 .x
Proof. Given the remark immediately after the statement of Theorem 3
Ž .we may assume that p t s 0. Then
aay1Ž1. Ž1.f t s a t y a g t q t y a g t .Ž . Ž . Ž . Ž . Ž .
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Ž .Insert the previous expression into Eq. 14 to obtain
a aay1 Ž1.h y a g h s a h y a g h q h y a g h h y aŽ . Ž . Ž . Ž . Ž . Ž . Ž .x x x x x x x
1 a x ay1g a q x q x ag Ž1. a q xŽ . Ž . 2y h y a .Ž .x2 x
ay2Ž .2Now we can divide by x h y a and after collecting terms we obtainx
ay1ay2h y a h y aŽ .x x Ž1.1 y a g h s g hŽ . Ž . Ž .x xay2ž /x x
a g a q x q xg Ž1. a q xŽ . Ž .
y .
2
Next we take the limit as x approaches 0 from the right and notice that
h also approaches zero. This together with the continuity of g at a andx
the fact that g Ž1. is bounded implies
ay2h y a g a aŽ .x
1 y a g a lim s y .Ž . Ž . ž /q x 2x“0
Ž .Since g a / 0 we get
Ž .1r ay2h y a ax
lim s ,
q x 2 a y 1Ž .x“0
and the proof is complete.
It would be of interest to extend Theorem 4 from 2-point divided
difference to n-point divided difference. For this, one needs to extend
Theorem 3 to n-point divided difference. This will be treated elsewhere.
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